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In this paper, we define four types of clique in Steinhaus graphs and classify the generating
strings of those n-vertex Steinhaus graphswhosemaximum cliques have size d n+33 e, which
is the maximum possible. Also, we give the number of such Steinhaus graphs with n
vertices.
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1. Introduction
Let a1,2 · · · a1,n be a binary string of length n − 1. The Steinhaus graph G generated from a1,2 · · · a1,n has as its adjacency
matrix the Steinhaus matrix A(G) defined by the following, called the Steinhaus property:
ai,j =
{0 if 1 ≤ i = j ≤ n;
ai−1,j−1 + ai−1,j (mod 2) if 1 < i < j ≤ n;
aj,i if 1 ≤ j < i ≤ n.
Here, a1,2 · · · a1,n is called the generating string of G and the upper triangle in A(G) is called the Steinhaus triangle of G. It
is obvious that there are exactly 2n−1 Steinhaus graphs of order n. The vertices of a Steinhaus graph are usually labeled by
their corresponding row numbers in the Steinhaus matrix. In Fig. 1, the Steinhaus graph generated by 0110110 is pictured.
For a given Steinhaus graph Gwith generating string a1,2 · · · a1,n, the partner of G, denoted P(G), is the Steinhaus graph with
the generating string an−1,n · · · a1,n. It is not hard to show that G is isomorphic to its partner P(G). A Steinhaus graph G is
doubly symmetric if G and its partner P(G) are the same generating string (for example, see Fig. 1).
Steinhaus [6] asked whether there are Steinhaus triangles containing the same numbers of zeros and ones. Harborth [5]
answered this question affirmatively by showing that for each n with n ≡ 0, 1 (mod 4), there are at least four strings of
length n − 1 that generate such triangles. Bipartite Steinhaus graphs and connectivity of Steinhaus graphs were studied
in [2–4].
A clique in a graph G is a pairwise adjacent set of vertices, and we define the clique number ω(G) is the maximum size of
a clique of G. In [1], it is shown that a clique in a Steinhaus graph does not contain two pairs of consecutive vertices, such as
{i, i + 1} and {j, j + 1}, or two pairs of vertices with a gap of 1, such as {i, i + 2} and {j, j + 2}. Note that j could be either
i+ 1 or i+ 2. If a clique contains two consecutively numbered vertices, then the pair is a configuration of type C . Similarly,
if a clique contains two vertices whose labels differ by 2, then the pair is a configuration of type T . Both configurations may
occur in the same clique. If they do, then the pairs are disjoint or of the form {i, i + 1} and {i + 1, i + 3} or {i, i + 2} and
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Fig. 1. Steinhaus graph with the generating string 0110110.
{i+ 2, i+ 3}. If the pairs are disjoint, then this is a configuration of type C ◦ T , and if not then the pairs are a configuration of
type CT . As will be shown in the next section, only one of these configurations can occur in a clique. Hence we may say that
a largest clique Q is of type C, T , C ◦ T , or CT depending on which of these four configurations occurs in it.
Using this classification, we will prove the following theorem.
Theorem 1.1. For n ≥ 2, the clique number in an n-vertex Steinhaus graph is bounded by ⌈ n+33 ⌉.
This bound is achieved for the clique {1, 2, 4, 7, 10, . . .} in the Steinhaus graph generated by 101101101 · · ·. Let ω(n) =⌈ n+3
3
⌉
. Any clique of order ω(n) in a Steinhaus graph with n vertices is called an extremal clique in G.
2. Classification of extremal cliques in Steinhaus graphs
From now on, assume that G has the generating string a12 · · · a1n and has an extremal clique Q with vertex set {x1, x2,
. . . , xω(n)}, where x1 < · · · < xω(n). Let γ (Q ) = max{ xi − xi−1 | 2 ≤ i ≤ ω(n)}.
In this section, we classify all generating strings of Steinhaus graphs having an extremal clique Q by proving that Q must
have one of the above four types and γ (Q ) = 3. Let us start from Lucas’s Theorem.
Theorem 2.1. If p is a prime, and n and m are positive integers with p-ary expansions
∑
aipi and
∑
bipi, respectively, then( n
m
)
≡
(
a0
b0
)(
a1
b1
)
· · · (mod p).
Since the entry aij in the matrix A(G) is given by ai,j ≡∑i−lk=0 ( i−lk ) al,j−k (mod 2) for all 1 ≤ l ≤ i2 , we get the following
lemma by applying p = 2 in Theorem 2.1.
Lemma 2.2. If i, j, r are integers, with i, j ≥ 1 and r ≥ 0, then
ai+2r ,j+2r ≡ ai,j + ai,j+2r (mod 2).
Corollary 2.3. For r ≥ 0, a clique in a Steinhaus graph does not contain vertices {i, i+ 2r , j, j+ 2r}.
Proof. If Q does contain the vertices {i, i + 2r , j, j + 2r}, then ai,j = ai,j+2r = 1. Hence, by Lemma 2.2, ai+2r ,j+2r = 0, a
contradiction to i+ 2r and j+ 2r both being in the clique. 
Note that, for r = 0, this shows that a clique cannot have two pairs of vertices either of type C or type T , which implies
a proof of Theorem 1.1. Also, using r = 2 and r = 3 in Lemma 2.2, we have the following two facts.
Fact 1. A clique Q in a Steinhaus graph cannot contain {i, i+ 4, j, j+ 4}. In particular, if j = i+ 3, then Q does not contain
{i, i+ 3, i+ 4, i+ 7}.
Fact 2. A clique Q in a Steinhaus graph cannot contain {i, i+ 8, j, j+ 8}. In particular, if j = i+ 3, then Q does not contain
{i, i+ 3, i+ 8, i+ 11}.
For convenience, if S is a binary string, then Sk is the concatenation of k copies of S. For example, if S = 01, then S3 =
(01)3 = 010101.
Lemma 2.4. For n ≡ 1 (mod 3) and n ≥ 11, if an n-vertex graph has extremal clique Q = {3i+ 1 | 0 ≤ i ≤ n−13 }, then the
string a1,4a1,7 · · · a1,3i+1 · · · a1,n is 1(101)k−1 or 1(011)k−1. Moreover, for each i ≥ 1, a1,3i+4 · · · a1,n = a3i+1,3i+4 · · · a3i+1,n.
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Proof. Since a1,3i+1 + · · · + a1,3i+4 ≡ a4,3i+4 (mod 2) and a1,3i+1 = a1,3i+4 = a4,3i+4 = 1,
a1,3i+2 + a1,3i+3 ≡ 1 (mod 2).
We claim that a1,3i+2 + a1,3i+5 ≡ 0 (mod 2). Assume that a1,3i+2 + a1,3i+5 ≡ 1 (mod 2). By the above result and the
Steinhaus property,
a4,3i+5 = a4,3i+6 = a7,3i+7 = 0.
This is impossible, because {7, 3i+7} lies in the clique. If a1,3i+2 = 1, then the string is 1(101)k−1 by the above result. Sim-
ilarly, if a1,3i+2 = 0, then the string is 1(011)k−1. Also, by the Steinhaus property, we get easily for each i that a1,3i+4 · · · a1,n
= a3i+1,3i+4 · · · a3i+1,n. 
From now on, we assume that n ≥ 22. Let n = 3k+ 1 for some k. If G has an extremal clique Q , then Q is clearly of type
either C ◦ T or CT with γ (Q ) = 3. Moreover, if we apply Facts 1 and 2, we get the following lemma.
Lemma 2.5. Let n = 3k + 1. Let G have an extremal clique Q . If Q is of type C ◦ T , then the configuration C ◦ T of Q is either
{1, 2, n− 2, n} or {1, 3, n− 1, n}.
Lemma 2.6. Let n = 3k + 1. Let G have an extremal clique Q . If Q is of type C ◦ T , then the generating string of G or P(G) is
(100)k−1101. If Q is of type CT , then the generating string of G or P(G) is (101)k.
Proof. First, let Q be of type C ◦ T , and let the CT configuration of Q be {1, 2, n− 2, n}. By applying Lemmas 2.4 and 2.5 to
the clique {2, 5, . . . , n− 2} and by using the Steinhaus property, the generating string of either G or P(G) is (100)k−1101.
Next, let Q be of type CT , where the CT configuration of Q is {i, i + 1, i + 3}. Note that i ≡ 1 (mod 3). Since ai,i+3 = 1,
Lemma 2.4 implies that ai,i+3 · · · ai,n is 1(101)j for some j. By the Steinhaus property, the generating string of G is (101)k. By
considering its partner, the proof is completed. 
For an n-vertex Steinhaus graph G with n = 3k + 2, if G has an extremal clique Q that does not contain both 1 and n,
then G− 1 or G− n is Steinhaus graph in which Q is an extremal clique. Hence Q is either of type C ◦ T or of type CT with
γ (Q ) = 3. We next show that, for n = 3k + 2, if {1, n} is contained in an extremal clique Q with γ (Q ) = 3, then Q is of
type C .
Lemma 2.7. If n = 3k+ 2, then no n-vertex Steinhaus graph has an extremal clique Q of type C ◦ T or CT such that {1, n} ⊂ Q
and γ (Q ) = 4.
Proof. We prove this lemma by contradiction. Let G be a Steinhaus graph that contains such an extremal clique Q . If Q
is of type C ◦ T or CT , then we may assume that the C ◦ T configuration of Q is {i, i + 1, j, j + 2} with i + 1 < j;
otherwise, we consider P(G). By Facts 1 and 2, the only possible case is that Q = {1, 2, 6, 8, 11, . . . , 3i + 2, . . . , n}. Since
a1,6 = a1,8 = a2,6 = a2,8 = 1, the Steinhaus property yields a1,7 = 0. Therefore, a2,6 ≡ a1,6 + a1,7 ≡ 1 (mod 2). Since
a2,11 = 1, Lemma 2.2 yields a6,11 ≡ a2,7 + a2,11 ≡ 0 (mod 2). This is a contradiction, because {6, 11} ⊂ Q .
Next, assume that Q is of type CT . Let the pair {j, j+ 4} in Q give γ (Q ) = 4 for some j. If j is neither 1 nor n− 4, then Q
contains {. . . , j− 3, j, j+ 4, j+ 7}. Hence
aj−3,j = aj−3,j+4 = aj,j+4 = aj,j+7 = aj+4,j+7 = 1.
By Lemma 2.2, aj+1,j+4 = 0. Since aj,j+4 = 1, we have that aj,j+3 = 1. Again by Lemma 2.2, since aj,j+7 = aj,j+4 = 1,
aj+4,j+7 = 0, a contradiction. Therefore j ∈ {1, n − 4}. If j = n − 4, then the CT configuration is {1, 2, 4}, for otherwise Q
contains {i− 3, i+ 1, j, j+ 4}, which is impossible by Fact 1. So, Q = {1, 2, 4, . . . , 3i+ 1, . . . , n− 4, n}. Since Q is a clique,
a1,n−10 = · · · = a1,n−4 = a1,n = 1
a2,n−10 = · · · = a2,n−4 = a2,n = 1
a4,n−10 = · · · = a4,n−4 = a4,n = 1.
By Lemma 2.2, a4,n−7 ≡ a2,n−9 + a2,n−7 (mod 2), which gives that a2,n−9 = 0. So, by the Steinhaus property, a2,n−8 = 1.
Since a2,n−8 = a2,n−4 = a2,n = 1, we have a6,n−4 = a6,n = 0. Therefore, by Lemma 2.2, a10,n = 0. This is impossible, because
{10, n} ⊂ Q . Similarly, when j = 1, we get a contradiction. 
Lemma 2.7 leads to the following lemma.
Lemma 2.8. For n = 3k+ 2, if G is an n-vertex graph having an extremal clique Q of type C whose configuration is {1, 2}, then
the generating string of G is 01α1(001)k−1 or 1α01(101)k−1, and the generating string of P(G) is given by{
α(011)k or 0α(101)k−111 if k is even;
αβ11(011)k−1 or αβ(101)k−111 if k is odd,
where α + β ≡ 1 (mod 2), for α, β ∈ {0, 1}.
Let i ∈ {1, n}. If Q is of type C ◦ T , then the generating string of G − i or P(G − i) is (101)k. If Q is of type CT , then the
generating string of G− i or P(G− i) is (101)k.
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Proof. Let G be a Steinhaus graph with such an extremal clique Q . Apply Lemma 2.4 to the clique {2, 5, . . . , n} to get
the string a2,5a2,6 · · · a2,n. By the Steinhaus property, the generating string of G is 1α01(001)k−1 or 1α01(101)k−1, where
α ∈ {0, 1}. By straightforward calculation, we can get the string of its partner, P(G), as described in the statement of this
lemma.
Next, let Q be of type C ◦ T or CT . By Lemma 2.7, Q is an extremal clique in G− i, where i ∈ {1, n}. Use Lemma 2.6 to get
the string of G. 
For n = 3k+3, suppose that G is an n-vertex Steinhaus graph having an extremal clique Q containing {1, n}. If γ (Q ) = 3,
then Q is of type T . By Fact 2, the configuration T is {1, 3} or {n− 2, n}. If γ (Q ) = 4, then, by Fact 1, Q has only one pair of
vertices of the form {j, j+ 4}. So, Q has the configuration C at {1, 2} or {n− 1, n}, by Fact 1 and 2. Assume that Q contains
the configuration C at {1, 2}. By Fact 1, j should be 2. By Lemma 2.4 and the Steinhaus property, the generating string is
01α(001)k, where α ∈ {0, 1}. If α = 0, then Q˜ = {2, 3, 6, . . . , 3k + 3} is an extremal clique of type C with γ (Q˜ ) = 3 that
does not contain {1, n}. If α = 1, then {1, 3, 6, . . . , 3k+ 3} is an extremal clique of type T . The following lemma shows that
only the above cases need to be considered.
Lemma 2.9. For n = 3k+ 3, no n-vertex Steinhaus graph has an extremal clique Q such that γ (Q ) = 5 and {1, n} ⊂ Q .
Proof. Suppose that, for an extremal clique Q with γ (Q ) = 5, the gap of length 5 occurs with the pair {l, l+ 5}. So, Q is of
type C ◦ T or CT . Assume that Q is of type C ◦ T , where the C ◦ T configuration of Q is {i, i+ 1, j, j+ 2}with i+ 1 < j. We
consider the following three cases.
Case 1. i < j < l.
Observe that imust be 1 by Fact 1. Now, the only two possible cases are (1) j = 5 and l = 7withQ = {1, 2, 5, 7}∪{3i+3 |
3 ≤ i ≤ k}, and (2) j+ 2 = l = n− 4. In the latter case, Q contains {2, 18, 5, 21} or {1, 17, n− 16, n}, which is impossible
by the case r = 4 of Lemma 2.2.
Case 2. i < l < j.
If i+ 1 is l, then j satisfies one of the following.
(1) l+ 5 = n− 5 and j = n− 2.
By Lemma 2.4, the string a1,4a1,5 · · · a1,i is 101101 · · · 101 or 011011 · · · 011. By the Steinhaus property, a1,4a1,5 · · · a1,n
is 1(101)k−211 or 1(011)k−201. Thus, ai,n−2ai,n−1ai,n is 111 or 101, and ai+1,n−2ai+1,n−1ai+1,n is 100 or 011. However,
ai+1,n−2ai+1,n−1ai+1,n is 111, because {i, i+ 1, j, j+ 2} ⊂ Q . This gives a contradiction.
(2) Either l+ 5 = j = n− 5 or l+ 5 = j = n− 2.
Apply the same method used in (1) to arrive at a contradiction. If i+ 1 < l, then imust be 1 by Fact 1. Also, l+ 5 is j by
Fact 2. So, j+ 2 is either n− 3 or n by Fact 2. So, Q contains {1, 17, n− 16, n}, which is impossible by Lemma 2.2.
Case 3. l < i < j.
First, l+ 5 must be i by Fact 1. If l = 1, then j+ 2 is n. So, a1,5 = a1,21 = 1. By Lemma 2.2, a17,21 = 0, which is impossible
because Q contains {17, 21}. If l > 1, then j + 2 is n and i is n − 6 by Fact 2. By applying Lemma 2.2 several times, we get
the following.
al,i · · · al,n = 1101101.
Therefore, al+1,i+2 = al,n = 1. So, ai,n = 0, which is impossible.
Next, assume that Q is of type CT , where the CT configuration of Q is {i, i + 1, i + 2}. Now l ∈ {1, n − 5}; otherwise, Q
contains {l− 3, l, l+ 5, l+ 8} by Fact 2. If l = 1, then i = n− 6 or n− 3. If i = n− 6, then by Lemma 2.5, a6,9a6,10 · · · a6,n =
0101101 · · · 101. Since a1,i−3 = a1,i+1 = 1, we have a5,i+1 = 0. Therefore, a5,5a5,6 · · · a5,n = 01001 · · · 001. In particular,
a5,n−7 = 0. Since a1,n−15 = a1,n−3 = a5,n−3 = 1 and a5,11 = 0, we get a1,n−11 = 1 and a1,n−7 = 0. Thus a5,n−7 = 1, which
is impossible. For i = n− 3, apply the same argument in the case i = n− 6. For l = n− 5, we get the same conclusion by
using a similar argument. 
Lemma 2.9 implies that we may assume that γ (Q ) = 3 for all extremal cliques Q .
Lemma 2.10. Let n = 3k+3. Let A be a set among {1, 2}, {1, n}, {n−1, n}. Let α, β, γ ∈ {0, 1}. Let G be an n-vertex Steinhaus
graph having an extremal clique Q .
If Q is of type T , then the generating string of G or P(G) is either α1(011)k or α1(001)k.
If Q is of type C, where the C configuration is {1, 2}, i.e., Q is a clique in G− n, then the generating string of G or P(G) is given
by one of the following:{
1α01(001)k−1β, 1α01(101)k−1β, αγ 11(011)k−1β, αγ 10(101)k−1β if k is even;
1α01(001)k−1β, 1α01(101)k−1β, 1α11(011)k−1β, 0α(101)k−111β if k is odd,
where α + γ ≡ 1 (mod 2).
If Q is of type C ◦ T , then the generating string of either G− A or its partner P(G− A) is (100)k−1101. If Q is of type CT , then
the generating string of either G− A or P(G− A) is (101)k.
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Proof. Let Q be an extremal clique in G. Suppose that Q is of type T , where the T configuration is {1, 3}. Apply Lemma 2.4
to the clique {3, 6, . . . , n} in order to obtain the string a3,6a3,7 · · · a3,n. By the Steinhaus property, the generating string of
G is α1(011)k or α1(001)k, where α = 0, 1. By straightforward calculation, we can obtain the generating string of P(G) as
described in the statement of this lemma.
If Q is of type C , then by Lemma 2.9, Q is a clique in G − 1 or G − n. By using Lemma 2.8, the generating string of G or
P(G) is as desired.
If Q is of type C ◦ T or CT , then an argument similar to that above yields. 
Theorem 2.11. If G is a n-vertex Steinhaus graph, then G has an extremal clique of size ω(n) if and only if its generating string is
described in Lemmas 2.6, 2.8 and 2.10.
3. The number of the Steinhaus graphs having extremal cliques
In this section, we compute the number of n-vertex Steinhaus graphs with an extremal clique. Here, we assume n ≥ 22.
Let us start from the following theorem.
Theorem 3.1. The Steinhaus graph G is doubly symmetric if and only if ai,j = 0, where i+ j = n+ 1. In particular, if a1,n = 1,
then G is not doubly symmetric.
Since the two Steinhaus graphs in Lemma 2.6 are not doubly symmetric by Theorem 3.1, we have the following lemma.
Lemma 3.2. If n = 3k+ 1, then the number of n-vertex Steinhaus graphs with an extremal clique of size ω(n) is 4.
Lemma 3.3. If n = 3k+ 2, then the number of n-vertex Steinhaus graphs with an extremal clique of size ω(n) is 19.
Proof. Let G have an extremal clique Q . Consider the following three cases from Lemma 2.8.
Case 1. If Q has the configuration C , where the C configuration is {1, 2}, then the generating string of G is 1α01001 · · · 001
or 1α01101 · · · 101, and the string of its partner P(G) is given by{
α011011 · · · 011 or 0α101101 · · · 10111 if k is even;
αβ11011011 · · · 011 or αβ101 · · · 10111 if k is odd,
where α+β ≡ 1 (mod 2), for α, β ∈ {0, 1} from Lemma 2.8. By Theorem 3.1, none of these are doubly symmetric. So, there
are eight Steinhaus graphs with an extremal clique of type C .
Case 2. By Lemma 2.8, if Q is of type C ◦ T and i ∈ {1, n}, then the generating string of G− i or P(G− i) is 100100 · · · 100101.
If i = 1, then the generating string of G or P(G) is given by{
1(000111)
k−2
2 000110 or 0(111000)
k−2
2 111001 if k is even;
0(111000)
k−1
2 110 or 1(000111)
k−1
2 001 if k is odd.
If i = n, then the generating string of G or its partner P(G) is 1001 · · · 001010 or 1001 · · · 001011. Since none of these are
doubly symmetric, there are eight Steinhaus graphs with an extremal clique of type C ◦ T .
Case 3. IfQ is of type CT and i = 1, n, then the generating string ofG− i or P(G− i) is 101 · · · 101. If i = 1, then the generating
string of G or P(G) is 0110 · · · 110 (which is doubly symmetric) or 1001 · · · 001(which gives an extremal clique of type C). If
i = n, then the generating string of G or P(G) is 1011 · · · 011010 or 1101 · · · 101 (which gives an extremal clique of type C).
So, there are three Steinhaus graphs with an extremal clique of type CT .
These three cases complete the proof. 
Lemma 3.4. If n = 3k+ 3, then the number of n-vertex Steinhaus graphs that have an extremal clique is given by{
60 if n = 3k+ 3, k odd;
63 if n = 3k+ 3, k even.
Proof. Apply the same ideas and analysis used in Lemma 3.3. 
By combining the above lemmas, we have the following theorem.
Theorem 3.5. If n ≥ 22, then the number of n-vertex Steinhaus graphs that have an extremal clique is
4 if n = 3k+ 1;
19 if n = 3k+ 2;
60 if n = 3k+ 3, k odd;
63 if n = 3k+ 3, k even.
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Finally, we list the answers for small n. The values in Theorem 3.5 are correct for n ∈ {13, 14, 16, 17, 19, 20}. For the
remaining values, the answer is given by{1, 2, 4, 6 if n = 1, 4, 7, 10;
1, 7, 31, 33 if n = 2, 5, 8, 11;
3, 22, 106, 140, 89, 70, 69 if n = 3, 6, 9, 12, 15, 18, 21,
respectively.
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